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ABSTRACT. This paper investigates various radicals and radical congru-
ences of a semigroup. A strongly prime ideal is defined. It is shown that the
nil radical of a semigroup is the intersection of all strongly prime ideals of the
semigroup. Furthermore, a semigroup with zero element is nil if and only if
it has no strongly prime ideals. We investigate the question of when the left
and right radical congruence relations of various radicals are equal. Some theo-
rems analogous to theorems concerning the radicals of rings are also proved.

1. Introduction. Just as in the case for rings, various radicals of semigroups
have been studied. In this paper we shall examine further some properties of the
nil radical of a semigroup.

Let N(S) denote the nil radical of a semigroup S. Anideal P of the
semigroup S is strongly prime if there exists a subsemigroup M of § such
that P is the largest ideal of S not meeting M, ie.,

P= {a€Ss: StaS' "M = &},

A strongly prime ideal is prime. It is shown that N(S) is the intersection of all
strongly prime ideals of S. Furthermore, a semigroup S with zero element is nil
if and only if S has'no strongly prime ideals.

H. J. Hoehnke has used congruence relations effectively to study the struc-
ture of semigroups. We shall investigate the question of when the left and right
radical congruence relations introduced by Hoehnke are equal. Hoehnke defines
radg S, the right nil radical congruence of a semigroup S. One can similarly
define rad; S, the left nil radical congruence of a semigroup S. It is not true
that rad; S =radp S. In fact,if S is a left zero semigroup then radp S is
the universal relation while rad; S is the identity relation.

The right nil radical congruence of a regular Rees matrix semigroup over a
group with zero will be considered in detail. It will be shown that this congruence
relation is completely determined by the subgroups of the group and the positions
of the nonzero entries of the sandwich matrix. Furthermore, the right nil radical
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congruence of a regular Rees matrix semigroup equals the left nil radical congru-
ence if and only if they are both the identity relation.

In the final section of this paper the right and left Jacobson radical congru-
ences of S, denoted by rady S and rad; S respectively, are defined. This
congruence relation has been studied extensively (see [1], [4], [5], [8], [10],
and [11]). It has been known that if T is an ideal of a ring, then the Jacobson
radical of T equals the intersection of T with the Jacobson radical of the ring.
It is natural to expect a similar result for the congruence relation radg S. Indeed,
it will be shown that if T is an ideal of the semigroup S then radgp T is the
relation rady S restricted to T. It will also be shown that if T is an ideal of
S such that radg S/T = rad; S/T and radg T=rad; T then radg S =
7ad, S.

Finally, it is proved that if S is a regular Rees matrix semigroup over a
group with zero then EHR § is completely determined by the positions of the
nonzero entries of the sandwich matrix and radg S = rad, S. Thus, for such a
semigroup, it is not necessarily true that the right nil radical congruence equals
the right Jacobson radical congruence.

The author would like to express her appreciation to the referee, whose
suggestions have substantially improved the paper.

2. The nil radical. Throughout this paper S will always denote a semi-
group and S' will be the semigroup obtained from S by adjoining an identity
element 1. Anelement @ €S such that as =a foreach sE€S isa left zero
of S. The set 0, (S) of all left zeros of S is either void or is an ideal of §
contained in every ideal of S. If 0,(S) is nonvoid then S/0,(S), the factor
semigroup of § modulo 0,(S), contains zero. Let nil rad(S/0,(S)) be the
sum of all nil ideals of §/0,(S). Let N, (S) be the ideal of S such that
N, (8)/0,(S) = nil rad(S/0,(S)). If 0,(S)= &, let N (S) = &. Note that
nil rad(S/0,(S)) contains each nil left ideal and each nil right ideal of S/0,.(S).

One can similarly define Ng(S), the right nil radical of S. It is well known
that any left zero of S must equal any right zero of S. Thus, if both N 1(S)
and Ngp(S) are nonvoid then they are equal. When this is the case, then the nil
radical of S will be denoted by N(S).

LEMMA 2.1. A strongly prime ideal is prime.

PROOF. Let P be a strongly prime ideal of S and let M be a subsemi-
group of S such that P is the largest ideal of S not meeting M. Let each of
A and B be an ideal of S such that ABC P, AZ P, and BZ P. Since
AUP and BUP areideals of S properly containing P then (A UP)NM# &
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and BYUPNM+* &. Let aE(AUYP)NM and bE B Y P)NM. Since
PNM=¢g then a€ANM andsimilarly b€EBNM Thus abE€ AB N
MCPNM= g, which is a contradiction. Therefore, if 4B C P then either
ACP or BCP

DEFINITION. Let P(S) be the set of all strongly prime ideals of a semi-
group S. If P is a strongly prime ideal of S and M is a subsemigroup of §
such that P is the largest ideal of S not meeting M then we shall say that M
is a subsemigroup associated with P,

THEOREM 2.2. A semigroup S with zero element is nil if and only if
P(S) is void.

PrOOF. Suppose that S is nil. Let P be a strongly prime ideal and let
M be a subsemigroup associated with P. Let x be an element of M. Since S
is nil, there exists a positive integer n such that x" = 0. Thus x"” € {0} N
MCPNM= g, which is a contradiction. Thus if S is nil then P(S) is void.

Conversely, suppose that S is not nil. Let x be an element of S which
is not nilpotent. Let X = {x": n a positive integer}. Thus X is a subsemi-
group of S. Let U = {U: U is anideal of S such that UN X = &}. Since
{0} € U, then U is nonempty. Let P=Jyc, U. Then P is a maximal
ideal of S such that PN X = &. Thus P is an element of P(S).

THEOREM 2.3. If S is a semigroup with zero element then N(S) =
Nperg) P.

PrROOF. Let P be a strongly prime ideal with associated subsemigroup M.
Suppose that x € [N(S)UP]NM. Since PNM = @& then x € N(S) N M.
Since N(S) is nil, there exists a positive integer n such that x” = 0. Thus
x"€ {0}NMCPNM= &, which is a contradiction. Therefore [N(S) U
PINM= g&. Since P is a maximal ideal of S such that PN M= and
since PCN(S)UP then N(S) CP. Therefore N(S) S Npeps) P

Conversely suppose that a is an element of S such that a € N(S). Thus
there exists an element b € S! such that (ab)” is not zero for each positive
integer n. Let M = {(ab)": n a positive integer}. Thus M is a subsemigroup
of S suchthat {0} "M = . Let P be a maximal ideal of S such that
PNM= g. Thus P is an element of P(S) and a & P.

3. A comparison between the radicals of a ring and the nil radical of a
semigroup. If S is a ring, the relationships of the radicals of the ring (S, +, -)
and the radical of the multiplicative semigroup (S, -) will now be studied.

DEFINITION. If (S, +,) is aring, let J(S) be the Jacobson radical of
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the ring S and let N(S) be the nil radical of the ring S. Let M(S) be the sum
of the nil right ideals of S. Thus M(S) is a two-sided ideal of S but it is not
known whether M(S) is nil.

As before, the nil radical of the multiplicative semigroup (S, -) will be de-
noted by N(S).

THEOREM 3.1. If S isa ring then N(S) C N(S) C M(S) C J(S).

Proor. Since a nil ideal of the ring S is a nil semigroup ideal, then
N(S) C N(S). To see that N(S) C M(S) let i be an element of N(S). Thus
iS isnil. Let (i) be the principal right ideal of the ring S generated by i.
Let x € (7). Thus there exists an integer n and an element s in S such that
x =ni+is. Since x? = i(n?i + nsi + nis + sis) €iS and since iS is nil, then
x? is nilpotent. Therefore x is also nilpotent and i € (7) C M(S). Thus N(S)
C M(S)-

To see that M(S) C J(S), let m be an element of M(S). Thus there ex-
ist a finite number of nil right ideals of S, I,,7,, -, I, such that m €
ZL, I;. Each nil right ideal of S is contained in J(S) (see [6, pp. 8 and 9]).
Thus m € J(S) and, consequently, M(S) C J(S).

An example of a ring S such that J(S) # N(S) will now be considered.

Let &(x) be the ring of formal power series in one indeterminant with
coefficients in a field. By [6, p. 21], J(dx)) is the ideal (x). Since ¥(x) is
a ring with no nonzero divisors of zero, then N(®x)) = {0}. Thus J(x)) #
N(P(x)).

4. The nil radical congruence.

DEFINITION. A right S-system is a set M and a mapping (m, @) — ma
of M xS into M such that (ma)b = m(ab) foreach mEM,a, bES. A
right congruence on M is an equivalence relation ¢ on M such that mon
implies ma o na foreach m, n€M,a€S. If mEM then my = {n:n€
M, m o n}. M/o is the set of all congruence classes of M with respect to o.
Under the composition mya = (ma),, where m € M and a € S, M/o becomes
a right S-system.

DEFINITION. Let M be a right S-system. An S-subsystem L of M is
trivial if either L =M or |L| =1 where |L| is the cardinal number of L.

Let FM= {m: m €M, ms =m for each s € S}.

The right S-system M is irreducible provided that

(@) MSZ FM and

(b) M has no nontrivial S-subsystem.

One should observe that if FM # &, itisan S-subsystem of M. By (a)
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above, FM # M. Since M has no nontrivial S-subsystem, then |[FM| =1 and
FM is called the zero element of M. Furthermore, by (a) above, |M| = 2. By
Theorem 5.2 of [4],if mEM and m & FM then mS = M.

DEFINITION. If M is a right S-system let M° = {a: a € S, every equa-
tion mab =m where mEM and b ES' implies m € FM}. M° is either
void or is a two-sided ideal of S. It has been proved in [5] and [9] that

N, (S) = N{M°: M is an irreducible right S-system}.

The right nil radical congruence will be defined as in [4]. Therefore, let
Ip = {M: M is an irreducible right S-system}. If MEI,, a, bES let
ady b if and only if ma =mb foreach mEM. Let radg S = ﬂMe, Sp-
If S has no irreducible right S-system, then radg S is the universal relanon

Similarly, let I, = {M: M is an irreducible left S-system}. If M€ I,
a,b€ES, let ady b ifand only if am =bm foreach m € M. Let rad;, S=
N mer, 8y If S has no irreducible left S-system, then rad; S is the univer-
sal relation.

The preceding definition is the one used by Hoehnke. However, another
characterization of the right nil radical congruence is used more frequently. Thus
we have the following.

DEFINITION. The right congruence ¢ on S is modular if there exists an
element e in S such that esos foreach s in S. The element e is a left
identity modulo ¢.

LeMMA 4.1. rad, S =()o: o is @ modular right congruence on S such
that Sfo is irreducible).

ProoF. See Corollary 6.15 of [4].

We shall now consider a semigroup S such that radg S # rad, S.

Let S be a set containing at least three elements. Let (S, o) be the left
zero semigroup on S. Thus, if x, y €S then x ey =x. If M isa right S-
system then MS C FM. Thus S has no irreducible right S-system and radp S
is the universal relation. However, rad, S is the identity relation.

Throughout the remainder of this paper, we shall use notation found in [2].
Thus M°(G, I, A, P) will be a regular Rees / x A matrix semigroup over a
group with zero G°, with sandwich matrix P = (p,,). Since M° is regular, by
Lemma 3.1 of [2], each row and each column of P contains a nonzero entry.
The identity element of G will be denoted by e.

The right nil radical congruence of M° will now be studied. Throughout
this section let o be a modular right congruence on M° with left identity x
such that M°/o is irreducible. If y € M°, let
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K, = {(i N): G ) EI x A, there exists (a);, € M° such that (a);, 0 y}.

LEmMmA 42. If (m, w) €K, then p,, #0 and (p_ g X.

:’l )m w

PrROOF. Suppose that (m, w) €K,. Let b € G such that (), ox.
Since (b),,, isa left identity modulo ¢, then (Bp,,,b)pme, = (B),., © ()1
Thus bp,,,,b # 0, which implies that p ,,, # 0. Furthermore,

:nln)mw o (b)mw(p:)}n)mw = (b)mw o Xx.
DEFINITION. Let (m, w) €K, andlet H= {h: h€G, (hp })me 0 X}
LemMA 43. H is a subgroup of G.

PROOF. By Lemma 4.2, e € H and thus H is nonempty. Suppose that
a is an element of H. Thus (ap_,L,),,., isa left identity modulo o. There-
fore
X 0 (EPomnw = @omInw@ 'Pomdnw ¢ @ Pomdn e
Thus a~! €EH.
Now suppose that each of ¢ and b isin H. Thus

which implies ab € H. Thus H is a subgroup of G.

LEMMA 44. Suppose that a is an element of G such that (a);, 0 0 for
some mE€EA. Then (b); 00 foreach b in G° and each X\ in A.

ProOOF. Since P is regular, let j be an element of /' such that p,; # 0.
Therefore

(b)l'A = (a)i"(p;ila-lb)ﬂ\ o 0(p;ila-lb)n =0.

DEFINITION. If (b);, 00 foreach b€ G° and each A€ A then we
shall say that i is a o-zero row. If this is not the case then we shall say that i
is a o-nonzero row.

If u,, A\€E A then u and X\ are row-compatible provided that, for each
i€l, p,;#0 if and only if p,;# 0. Similarly, if 4, j€J then i and j are
column-compatible provided that, for each A € A, p,; # 0 if and only if
py; # 0.

LEMMA 45. Row i isa o-nonzero row if and only if p,; # 0. Further
more, if (@);, 6 0 and (b);, € M° such that (a),, o (b);, then p and X\ are
row-compatible.
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PROOF. Suppose that i isa o¢-nonzero row. Let (a);, € M° such that
@);, ¢ 0. Since (pL.),.., isaleft identity modulo o, then

(p:)}npwia mnr = (p;in)mw(a)hr 0 (a)in é 0.

Thus p}.p.,;a # 0, which implies p,; # 0.
Conversely, suppose that i is a o-zero row. Let b € G, A € A, such that
(b);, 0 0. Thus

(p;:npwib)mk = (pain)mw(b)i}\ 4 (b)ih 00.
By Lemma 4.4, since m is a o-nonzero row, then p;}npwib = 0. Since p:,}n,
b€ G this implies p ,; = 0.
Now suppose that (a);, ¢ 0 and (®);» 0 (@);,- We wish to show that p

and A are row-compatible. Let k €I such that p,, # 0. Since (a),, 0 (b);»
then

(p:)}npwjbpkkp;kla— lPZn!Pwml’an mw
= (p:)}n)mw(b)i}\(p;kla_ lp:)})kw o (p;}n)m w(a)iu(p;kla_ lp:nl')kw
= PomPowPuiPiid” PaDmw = Oomdme:

Thus pg).00,ibPAkPaRa” P 51D om € H. Therefore py, # 0. Similarly, if
Pax #0 then p,, #0. Thus u and A are row-compatible.

LEMMA 46. Let (a),, 60 andlet j bea o-nonzero row. Then (j, u)
€Ky,

PrOOF. Since j isa o-nonzero row then, by Lemma 4.5, Poj # 0. By
Lemma 4.4, (p;});,, ¢0. Since M°/o is irreducible, there exists (c)y) € M°
such that (p;});,()xr 0 x. Thus (G, N) €K, and, by Lemma 4.2, @5
is a left identity modulo . Therefore

(P}—\}lpua)ju = (P}le )j}\(a)ip o (a)iu'
Thus G, ) € K(g), -

Lemma 47. Let [(a),], be a nonzero element of M°/o. Then
[(a)iy]a = {(p;llpwmhp;}npwiap“kp;kl)l)\: h € H’ 0' x) € K(a)i“,
k €1 such that p,, # 0}.

PRrOOF. Let (b),, € [(@);,], and k€I such that p,, # 0. Since
(6);, 0 (@);, then p and A are row-compatible. Furthermore, as was seen in
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the proof of Lemma 4.5, p;}"pw,bp,\kp;k’a‘ 'poiPm EH. Thus bE
PeiPomHP G mPuwi®PurPik

Conversely, let W' €H, (, \) € K(“)in’ and k €I such that p,, #0.
Since (f, A) € K(“)iu’ there exists b € G such that (b);, o (az,.“. By Lemma
4.5 and the work above, p,; #0, p,, #0 and there exists h € H such that
b= p;}pwmﬁp;}npw,ap“ «Pra . But, for each h € H,

- - -1 - - - -
(pw;pwmhpw:npwiapnkpkk )1’?\ Y (pw:n)m w(pw;pwmhpw:npwlapnkpklg)ﬁ\

= (PG mPuwi®yuiPri Ima = D50 @i 0 @02 -
Thus

(P;;pwmhlp;:npwiapukp;kl )/A 4 (p;llpwm Ep;}npwlappkp;kl)ik
= (b)n o (a)m-

Therefore
{@5}PomhPomPuwiPukPie In: € H, G, ) €K )
k€1 such that p,, # 0} C [(a),,],-

LEMMA 48. Let H be a subgroup of G and let (m, W) €I x A such
that p,, #0. Let H,, , be aright congruence on M® defined as follows:
z = {@),,: a€ G, p,,; =0} U {0}, if (@), (B);p €2 then (a)y, H,,(, O)n
ifand only if u=2X\, pghp,iba” v 1P ym €H. Then H, , isa modular
right congruence such that M°/Hmw is irreducible with zero element z.

PrOOF. Clearlly H,,,, is reflexive. Since p_)p.;ba~'p3ip,m €H
if and only if p_}.p,,ab” P 1P,m € H, then H, , is symmetric.
To show that H,,,, is transitive let (a),,, (b);,, (€);, € z such that

@y, Hp, @), and (), H,,, (©),- Since pop.p,,ab~'pip,, €H
and pg).p.,ibc™ P kPum €H then p7l p.ac”'p kb, € H. Therefore
@), Hy, ©), and H, , is transitive.

To show that H,,, is a right congruence let (@);,, (B);, ()i, € M°
such that (a),, H,,,, ®)x- If @), () €z then (a);,(C)qs ®)ja)in € 2,
which implies (@),,(C)xr Hpoy O)a(©gq- If @), B)jp €z then p=A and
PoymPejba™ "0 Py m € H. Therefore

p;:npwi(bppkc)(apukc)_ 'PZ,}Pwm €H,

which implies (@),,(C)xn Hpy o, (O)ja(€)gq- Thus H,, , is a right congruence
on M°.
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It is clear that (p}),,., is a left identity modulo H,, . To show that
M°/H,, ., is irreducible, let (@), €z and (b);, € M°. We must find (c),, €
M® such that (@), (ir Hpeo B)jr- If G)r €2z let (), =0. If (b)) €2
let k be an element of / such that p,, # 0 and let (c), = (P2a"PLIP,iD)n-
Thus [(a),,] HmwM° = M°/H,,, forany (a);,, &z, which implies that M°/H,,
is irreducible.

Lemma 49. rady M° = N#H,,,: H is a subgroup of G, p,,,, # 0).
ProOOF. By Lemmas 4.1 and 4.8,
radg M° C M(H,,.,: H is a subgroup of G, p,,, # 0).

Conversely, let ¢ be a modular right congruence on M° such that M°/c
is irreducible. By Lemma 4.2, there exists (m, w) €I x A such that (p;}n),',,w
is a left identity modulo o. By Lemmas 4.4 and 4.5, z = {@;,:a€6,p,,; =
0} U {0} is the zero element of M°/o.

Let H= {h: hE€QG, (hp;}" meo IS a left identity modulo o}. By Lemma
4.3, H is asubgroup of G. We wish to show that H,  C 0. Let @, O
€z such that (a),, H,,,, (b);- Thus p=X\ and pZL.p.;ba”'p;ip,m €H.
Furthermore, by Lemma 4.6, (j, u) € K(")i . Let h € H such that b =
PojPwmhbomp,ia and let k€T such that Pux # 0. Since

(b)ih = (p:)/l‘pwmhp;:npwiapukp;kl)iy

then, by Lemma 4.7, (b);, o (@),,. Thus H, , Co.
Therefore, by Lemma 4.1,

MNH,,,,: H is a subgroup of G, p,,, #0)C rad, M°.

THEOREM 4.10. (a);, radg M° (b),, ifand only if N\ =p and p,.a =
p,jb foreach w € A.

PrOOF. Suppose that (a);, radg M° (b);,- Since P is regular,let w €A
such that p,; #0. Let H= {e}. Since (a);, H;,, (b);, and p,,; #0 then
A= p,;#0, and pgip,;ba~'p lp,,; € H= {e}. Thus p;b=p,.a.
Now suppose that y € A such that p,; =0. Let K€/ such that p,, #0.
Thus (@);, and (b);, are elements of z, the zero element of M°/H,.. Thus
p,; =0 also and pya=0= p,jb.

Conversely, suppose that A =pu and p,,,a =p,,;b foreach w€E A. Let
(m, w)EIx A suchthat p, #0 andlet H be a subgroup of G. If 0 =
P;a theneither p,; =0 or a=0. In either case, (a);, €z, the zero ele-
ment of M°/H,,.. Since 0=p .a= P;b then (b);, €z also. Thus
@\ Hpp oy B)in-
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On the other hand, if 0 #p_;a then p;#0, a#0, b#0, and
P # 0. Furthermore,
Pom®ul ™ 05 iPwum = Pom P 05 Pum = € € H.
Thus (@);, H,p, (B);p. Since this is true for each H,,,, then (a);, radgy M°
®)a-
DEFINITION (GREEN’S RELATION). If @, b €S then we define a L b to
mean that ¢ and b generate the same principal left ideal of S.

COROLLARY 4.11. rad, M° C L.

PrROOF. Suppose that (a);, rad M° (b);,. Let w € A such that p,,; #
0. Thus A=pu and (@), = (p;}pwib),-,\ = (p:,})i(‘,(b)i‘u € M°(b);,. Therefore
@i Y @)y € B);, Y M°(B);,. Similarly, (b);, U M°(8);, € (@) U M°@)ip-

COROLLARY 4.12. radg M° = rad, M° if and only if they are both the
identity relation.

PROOF. Suppose that radp M° = rad; M°. Let (a),, radg M° (®);,- By
Theorem 4.10 and its dual, A=p and i=j. Furthermore, p @ =p, ;b for
each w €A implies that @ = b. Thus radg M° = rad; M° = the identity
relation.

It will be shown later that the Jacobson radical congruence of M° does not
depend upon the subgroups of G but merely upon the positions of the nonzero
entries of P.

5. The Jacobson radical congruence.

DEFINITION. A right S-system M is totally irreducible provided that

(@ MS & FM and

(b) M has no nontrivial homomorphisms.

One should observe that every totally irreducible right S-system is irreducible.

DEFINITION. Let T = {M: M is a totally irreducible right S-system}.
If METg, a,bES let ady b if and only if ma=mb foreach m EM.
| Let radpsS = Nyerg 8- If Ty = &, then fadg S is the universal relation.
rad; S is the right Jacobson radical congruence on S.

Similarly define rad; S, the left Jacobson radical congruence on S.

DEFINITION. If e €S then e is a right quasi-regular element of S if the
only right congruence on S which has e as a left identity is the universal rela-
tion. An ideal of S is quasi-regular if each element contained in it is a right
quasi-regular element of S.

THEOREM 5.1. If e is an element of S such that for each integer k > 1,
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e® is right quasi-regular then 0,S)# & and e EN,(S).

ProoF. See [9, Lemma 1.3].
A result similar to that found for the nil radical will now be proved. M°
will be defined as before; thus

M° = {a: a €S, every equation mab=m where mEM and b € S!
implies m € FM}.
If T = @ then we shall say that M METRM° =S.
THEOREM 52. If Ny (S)# &, then N (S)=yer, M -

ProoF. Since N, (S) ‘is nonvoid let a € N, (S). Let M € T, and let
mEM, b€ES' such that mab = m. Since ab €N (S) let p be a positive
integer such that (ab)? € 0,(S). Since mS = m(ab)’S = m(ab)® = m then
m € FM. Thus Ny (S) € Nyrer. M

It will now be shown that ﬁMET M is a quasi-regular ideal of S. Let
cE ﬂMeT M and s€S. It must be shown that sc, cs € Nyer, M. Let
MeT, and m €M such that mcsb =m for some b € S!. Since c EM°
then m € FM. Thus cs € nMETRM°. Now suppose that M € T, mEM
such that mschb =m for some b € S!. Thus mschs = ms. Since ¢ € M°
then ms € FM. Therefore

ms = ms(cbsch) = m(scb)® = m.

Since ms € FM then m € FM. Therefore sc € nMeTRM" and N METRM°
is an ideal of .

Suppose that e is an element of N MeTRM° which is not right quasi-
regular. Thus there exists a right congruence 7 on .S such that 7 is not the
universal relation and e is a left identity modulo 7. By Theorem 1 of [10],
let o be a maximal right congruence on § which contains 7. Thus o isa
modular maximal right congruence on S and e is a left identity modulo o.
Therefore, by Theorem 6.2 of [4], S/o € T,. But e,e =e, where ¢, &
F(S/o). This contradicts the fact that e € (S/0)°. Thus nwer M isa
quasi-regular ideal of S. By Theorem 5.1 above, () MeTg M C NL(S)

LemMA 53. Tradp S = Nyex 0 where

Zg = {o0: 0 is a modular maximal right congruence on S}.
Proor. See Corollary 6.16 of [4].
LEMMA 54. Let S be a semigroup such that Ny (S) # @. The ideal
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I of S isnilifand only if Ifo C F(S/o) for each o € Zg.

PROOF. Suppose that o € =g such that N, (S)/o L F(S/o). Let x €
N (S) such that x, € F(S/0). By Theorem 6.2 of [4], S/o C Tg. Since x, €
F(S/0) and S/o is irreducible then xS = S/o. Let e be a left identity mod-
ulo ¢ andlet s€S such that x,s =e,. Since xs EN(S), let p bea
positive integer such that (xs)” € 0,(S). Thus (xs)) = (xs)2.S = ¢,S = S/o,
which contradicts the fact that ¢ is not the universal relation on S. Therefore,
for each 0 € Zg, N, (S)/o C F(S/0). Thusif I is a nil ideal of S then
Ifo € F(S/g) for each o € Z.

Conversely, suppose that I is an ideal of S which is not nil. By Theorem
5.2,let ME Ty such that I & M°. By Theorem 6.2 of [4],let g € Zg such
that M=S/o. Since ICM°, let mEM, i€I, bES"' such that mib =m
and m & FM. Since M = S/o, there exists s €S such that s ib =s, and
s, € F(S/0). Thus sib €I such that (sib), € F(S/o).

LEMMA 5.5. Let 0 € Zg and T be a right ideal of S such that Tfo &
F(S/0). Then T intersects each element of S/o.

PROOF. Let t €T such that t, € F(S/o). Since S/o is an irreducible
right S-system then t,S = S/o. Thus if x, € S/o there exists s €S such that
t,s =x,. Thus ts€x, NT and T intersects each element of S/o.

NOTATION. Let T be a subsemigroup of S and let o be a right con-
gruence on S. Then o|T will denote o restricted to 7. Thus o|T is a right
congruence on T defined as follows: If ¢, u € T then ¢ o|T u if and only if
tou.

THEOREM 5.6. Let S be a semigroup such that N, (S)# @. If T is
an ideal of S then rtadg T = rady SIT.

ProOF. First suppose that T'C N, (7). It will now be shown that T has
no totally irreducible right T-system. Suppose that M is a totally irreducible
right T-system and m € M such that m & FM. Since M is irreducible then
mT =M. Let t be an element of T such that mt = m. By Theorem 5.2,
tETCN,(T)CM. Thus mt =m implies m € FM, which is a contradiction.
Therefore T has no totally irreducible right T-system and Ef&R T is the uni-
versal relation on T.

If rady § is the universal relation on S then radp T = radg SIT. If
rady S is not the universal relation on S, let ¢ € Zg. Suppose that T/o &
F(S/0). By Lemma 5.5, let e be an element of T which is a left identity
modulo o. Since e € T C N, (T), let p be a positive integer such that
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e €0,(T). Thus, S/o =e,S =e2*'S = ePeS C 2T = €2, which contradicts
the fact that ¢ is not the universal relation. Thus T/o C F(S/g). Therefore if
t,u€T then t,, u, € F(S/0), which implies ¢ ¢ u. Thus o|T is the univer-
sal relation on T for each o € Zg. Therefore radg S|T = the universal relation
on T=r1ady T

Now suppose that T & N, (T). By Theorem 5.2, there exist totally irreduc-
ible right T-systems. Let 7 be an element of £, and e be a left identity
modulo 7. If ¢, bES let a7, b ifand onlyif ap 7 bp foreach pET. It
will be shown that v, is a right congruence on § with left identity e such
that 7 =,.IT.

It is clear that v, is an equivalence relation on S with left identity e.
Let a, b, s€ES such that @, b. Since T is an ideal of S then sp €T for
each p € T. Therefore a(sp) 7 b(sp) foreach p in T. Thus as vy, bs and
7, is a right congruence on S.

Let ¢, u €T such that ¢ 7u. Since 7 is a right congruence on T, then
tprup foreach p in T. Thus ¢t9, 4 and 7C 7,.|T. Let z be an element
of 0,(S). Therefore zE T and (ze), =z, # e, = (ee),. Thus z 4, e and
7,IT is not the universal relation on T. Since 7 is maximal, 7 =7,|T.

It will now be shown that 7, € Zg. To establish the fact that v, is max-
imal, let B be a right congruence on S containing 7,. Either B|T is the uni-
versal relation on T or BIT = r. Suppose that |7 is the universal relation on
T. Then efz. But e is a left identity modulo B. Thusif s€ S, z5 =255 =
egs = s5. Therefore f is the universal relation on S. Now suppose that BIT =
7. Let a, bES such that a b. Thus ez Beb. Since ez, eb €T and BIT =
7 then ea7eb. Thus ap 7 eap T ebp 7 bp foreach p in T. Therefore
a v, b, which implies v, = p. Therefore vy, € Zg and v,|T = 7. Thus

adgSIT= N oTC N vIT= N r=rady T
OGZS TGET TGZT

Conversely, since TZ N, (T) then TZ N, (S). By Lemma 54,let 0 €
Zg such that T/o & F(S/o). It will be shown that o|T € Z,. By Lemma 5.5,
let e € T such that e is a left identity modulo o. Let 7 be a right congry- -
ence on T such that ¢|T C 7. Construct 7y, asabove,ie., a7, b if and only
if ap7bp foreach p in T. Thus 7, is a right congruence on S. To show
that ¢ C v, let 4, b €S such that a o b. Since e isa left identity modulo
o, eaoeb. Since ea, eb € T then eaolT eb. Thus ap olT eap olT ebp o|T bp
foreach p in T. But olT C 7. Thus ap 7 bp foreach p in T. Therefore
ay,b and 6 C1,.
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But ¢ is maximal. Thus either 7, = ¢ or 7, is the universal relation
on S. Suppose that 7, is the universal relation on S. Let z be an element
of 0,(S). Since z7,e and eE€ T then zetee. Thus z 7e and, since e
is a left identity modulo 7, 7 is the universal relation on 7. On the other hand,
suppose that v, = o0. Let ¢, u €T such that ¢ 7 u. Therefore tp 7 up for
each p € T, which implies that ¢y, u. But v, =o; thus ¢ o|T u. Therefore
7 C o|T. Thus 7 = g|T. Since either o|T =7 or 7 is the universal relation on
T, then o|T is a maximal right congruence on T.

Therefore

rad,T= N 7C NIT: 0 € Zg, T/o £FS/o)t = N olT = rady SIT.
TE€EZ p 0€EZ g
THEOREM 5.7. Let S be a semigroup such that N, (S) # &. Suppose
that T isan ideal of S such that tad; S/T = rad, S/T and rad, T = rady T.
Then rtad; S = rady S.

ProOF. Let A = {0: 0 € Zg, T/o C F(S/0)} and B = {o: 0 € Z,
T/o & F(S/o)}. Let a, b €S such that a thdg S b. It will be shown that
a HHL Sb. By Lemma 5.3,let ¢ € Zg such that a §b.

Suppose that 0 € A. Let ¢ be a right congruence on S/T, the factor
semigroup of S modulo T, defined as follows: If x, y €S then [x] o' [¥]
if and only if x 0 y. To show that o' is well defined suppose that [x] = [x,],
1=1[»,] and [x] ¢ [y]. Since [x]=[x,] then either x =x, or x,x; €
T. Since T/o C F(S/0), then x, x, €T implies x o x,. Thus, if [x]=[x,]
then x o x,. Similarly y oy,. Therefore [x,]0' [y,] and o' is a well-de-
fined equivalence relation on S/T.

It will be shown that o' € Zg,p. If e is a left identity modulo ¢ then
[e] is a left identity modulo ¢'. Furthermore, if z € F(S/o) then [e] ' [z],
which implies that o' is not the universal relation. Suppose that 7' is a right
congruence on S/T which contains ¢'. If x, y €S let x 7y if and only if
[x]7 [¥]. Thus 7 is a right congruence on S which contains ¢. Since o is
maximal, either 7 =0 or 7 is the universal relation on S. Thus either 7’ =
o' or 7' is the universal relation on S/T. Therefore ¢’ € Zg,r. Furthermore,
[a1 4 (b].

Since rad; S/T = rady S/T then, by the dual of Lemma 5.3,let §' be a
modular maximal left congruence on S/T such that [4¢] 8 [6]. If x, yES
let x By if and only if [x] 8 [y]. Thus B is a modular maximal left congru-
ence on S and T/B C F(S/B). Since af b then, by the dual of Lemma 5.3,

atdd, S b.
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Now suppose that ¢ € B. By Lemma 5.5,let e € T such that e isa
left identity modulo o. Thus eq, eb € T and ea fIT eb. As was seen in the
proof of Theorem 5.6, o|T € Z,. Since rad; T = rady T and since ea r{d, T
eb, let 7 be a modular maximal left congruence on T such that ea f eb. Let
f be aright identity modulo 7. If x, y €S let x v, y if and only if px 7 py
for each p € T. By work similar to that in the proof of Theorem 5.6, one can
show that v, is a modular maximal left congruence on S with right identity f.
Since eafeb and e €T then af, b. Thus by the dual of Lemma 5.3,
atfd, Sb. ‘

Conversely, one can show that a rdd; S b implies a rddgS b.

THEOREM 5.8. Let M°(G, I, A, P) be as before. Then N(M°) = {0} and
if b,cE€G then (b);, radxM® (c);, if and only if i, j are column-compatible
and A\, u are row-compatible.

Proor. Divide A into its disjoint classes of row-compatible elements,
{Aq:q€Q,0& Q}. Thus A\, u € Ag forsome g €Q if and only if A, u
are row-compatible. If w € A let o, be the right congruence relation on M°
consisting of the equivalence classes

xo = {@pn: a€G, p,,; =0} U {0},
X =1{@;:6€G, p,; #0,\E Ag} foreach g€ Q.

It will be shown that

2M° = {0,: w EA}.

It is clear that o, is an equivalence relation. To show that o, is a right con-
gruence on M°, let (a);5, (B);,, and (c),, € M° such that (a),y o, ®)jn-
Since xq is a right ideal of M°, (a);y, (b);, € X, implies (@);,(€)y,» ®)in Ok
€ xo. Suppose that (a);,, (b);r € x, forsome q€ Q. Thus A and 7 are
row-compatible, which implies that ap,,c # 0 if and only if bp,,c #0. Let
vEQ suchthat u€A,. If ap,,c#0 then

@)k = @PAkC);, € X, and (0)jn (), = (br, kOju € %,

If apyyc =0 then (a);,(c), € x, and (0)jn(€)icy € xo. In either case,
@iy 0, (B)jn(€),, Which implies that o, is a right congruence on M°.

It is clear that x, is the zero element of M°/aw. Since P is regular,
let m €I such that p,, #0. Thus o, is not the universal relation. Fur-
thermore, it will now be shown that (p7,),,., is a left identity modulo o,,.
Let (b);, € M°. If p,,;#0 then
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(p:)}n)mw(b)ﬂr = (p;}npwib)mw Ow (b)in'
If p,;=0 then (B);, €xo and (B4, ®)jr = 0E x4, which implies
@ComImw®n 045 ). Thus (P 4)pm,, is a left identity modulo o,.

By Theorem 1 of [10], let y be a maximal right congruence on M° which
contains o,,. By Lemmas 4.4 and 4.5, if (a);, € x, and ®);r € x, for some
q € Q then (@) ¥ (b);,. By Lemma 4.5, if (a),, €x, and (b);, €x, for
q, vEQ then (a);, 7 (b);, implies that N and = are row-compatible. But
this implies A, = A, and x, =x,. Thus o, =7 and o, € Zye.

Conversely, let 7€ Zy.. Let (a),,,, be aleft identity modulo 7. By
Lemmas 4.4 and 4.5, 7 C 0. Since 7 is maximal, 7 = ¢ ,. Thus

2y = {0,: wWEA} and ralg M°= N 0.
WEA

Since P is regular, for each i €1/ there exists w € A such that p,; #
0. Thusrow i isa o, -nonzero row. Therefore, by Lemma 5.4, N(M°) = {0}.
Furthermore (@);, MN,cA0,, (®);n foreach a, b€ G, i€ if and only if A
and u are row-compatible. (a),, nwe A0 (), foreach ¢, c€G, €A
if and only if i and j are column-compatible. Thus (), radgM° (¢);, if
and only if i, j are column-compatible and A, u are row-compatible.

Since similar theorems may be proved for the left Jacobson radical congru-
ence, we have

COROLLARY 59. rad; M° = radg M°.

In the previous section, rad; M° = radp M° if and only if both congruences
are the identity relation. However, since rad, M° = radgM°, then it is not nec-
essarily true that the right Jacobson radical congruence of M° equals the right
nil radical congruence of M°.

COROLLARY 5.10. Let S be a semigroup with zero element which satisfies
the ascending and descending chain conditions on left and right ideals. Then
rad; S = radg S.

ProoF. If N(S)=S then radpS = rad; S = the universal relation on
S. Assume that N(S) # S. Let

NO=T, G T, G T, G GT,=5

where, foreach i =1,2,---,n, T; isanideal of S such that there is no
ideal of S strictly between T; and T;_,. Thuseach T,/T;_, is either null
or Osimple. If T,/T,_, isnull then radgT,/T;_, = rad, T;/T;_, = the uni-
versal relation on T,/T;_,. If T/T,_, is O-simple then, by Corollary 2.48
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and Theorem 3.5 of [2], T,/T;_, is isomorphic to a regular Rees matrix semi-
group over a group with zero. Therefore, by Corollary 5.9, EER T/T;_, =
rad, T,/T;_, foreach i=1,2,---,n.

Since N(NV(S)) = N(S), then radp N(S) = rad, N(S) = the universal re-
lation on N(S). Therefore, by Theorem 5.7, radpS = rad, S.
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